Abstract : Algebraic properties of orbifold models on arbitrary Riemann surfaces are investigated. The action of mapping class group transformations and of standard geometric operations is given explicitly. An infinite dimensional extension of the quantum group is presented.
Introduction
The interest in studying orbifold models is twofold. First, they provide a mean to construct new conformal field theories from known ones, whose properties may in principle be determined from the knowledge of the original theory [1] . This may prove important in attempts to classify CFTs. Secondly, they provide an interesting laboratory for understanding the basic properties of CFTs as well as their relation to 3-dimensional topological field theories ( via Dijkgraaf-Witten theory [2] ) and quantum groups [3, 4] . An important property of orbifold models based on finite groups is that the associated quantum group is finite dimensional and semisimple, which greatly simplifies the analysis of their algebraic properties.
The aim of the present paper is to study the algebraic properties of the correlation functions of orbifold models on higher genus Riemann surfaces. As we shall see, a lot of information may be obtained simply by considering the symmetry properties of the model.
The basic property of orbifold models is that their Hilbert-space affords a representation of the orbifold quantum group. For holomorphic orbifolds the irreps of the chiral algebra are in one-to-one correspondence with the irreps of the quantum group, and the fusion rules of the chiral algebra as well as the modular transformations of the genus one characters are determined by the corresponding properties of the quantum group [3, 4] . As far as representation theory is concerned, one can replace the chiral algebra by the quantum group.
Our starting point is the generalized version of Verlinde's formula [5] , which gives the dimension of the space V g (p 1 , . . . , p n ) of holomorphic blocks of genus g with external legs saturated by the irreps p 1 , . . . , p n of the chiral algebra A in terms of the matrix elements of the modular transformation S :
where the sum runs over the irreps of the chiral algebra and 0 labels the vacuum representation ( which contains the identity operator ).
We shall interpret the rhs. of (1.1) as the multiplicity of the irrep (p 1 , . . . , p n ) in some representation of the algebra A ⊗n ( clearly the irreps of the algebra A ⊗n are in one-to-one correspondence with n-tuples of irreps of A ).
Thus, the basic point of our approach is to associate to each ( topological equivalence class of ) Riemann surface Σ g,n of genus g with n punctures, a linear space H g,n affording a representation of the algebra A ⊗n , subject to the restriction that the multiplicity of the irrep (
This is somewhat reminescent of topological field theories, but there is a major difference : TFTs associate to a Riemann surface Σ g,n with punctures marked by the irreps p 1 , . . . , p n the finite dimensional vector spaces V g (p 1 , . . . , p n ) of holomorphic blocks [6] , while in our approach the punctures are not marked.
We shall show that the spaces H g,n afford unitary representations of the mapping class groups Γ g,n of Riemann surfaces of genus g with n coordinatized punctures. Moreover, we shall introduce on the spaces H g,n algebraic operations which correspond to the standard geometric operations on Riemann surfaces [7] , and shall show how the direct sum of the spaces H g,n becomes a bigraded associative algebra whose zero mode subalgebra may be naturally identified with the quantum group
Finally, we shall give the physical interpretation of the above results. A short appendix is also included to recall the basic facts about the orbifold quantum group and to fix the notation.
The spaces H g,n
In this section we shall construct for holomorphic orbifold models the spaces H g,n alluded to in the introduction.
Let G be a finite group and φ a unimodular 3-cocycle of G, and let's denote by A(G, φ) the corresponding orbifold quantum group ( see the appendix for notations and definitions ).
Let C g,n be the space of complex valued functions on G 2(n+g) . We shall denote the elements of C g,n by Ψ , where x and y are n-tuples with compo-
, while a and b are g-tuples with components
). The elements z ∈ G operate on these arrays componentwise, so for example zy and x z have components zy i and x
respectively. We shall also use the notations
We define operators P i (z) and Q i (z) (i = 0, . . . , n) acting on C g,n . First,
where
and
the last notation meaning that only the i-th argument of Ψ has been changed.
Let A i denote the algebra generated by the operators P i (z) and Q i (z)
It is staightforward to show that each A i is isomorphic to the algebra A(G, φ), and they commute with each other.
We define H g,n to be the subspace of C g,n left invariant by A 0 .
Clearly, H g,n is the image of the projection operator P 0 , where
It follows from what have been said above that H g,n affords a representation , which is by definition the trace over H g,n of the operator
It is given by the following formula
where the p i -s are irreps of A(G, φ), then the multiplicity of the irrep
and this last expression is just the rhs. of (1.1), thus H g,n is indeed the space we have been looking for.
For later use, we also introduce the projection operators
which project H g,n onto the subspace H g (p 1 , . . . , p n ) affording the irrep p i at the i-th puncture.
For n > 0 define
It may be shown that K g,n belongs to H g,n , that is
It follows that for n > 0 any element Ψ of H g,n has the form
where the function Ψ • belongs to C g,n−1 .
There is a natural scalar product on H g,n with respect to which the operators Q i (z) are unitary and the P i (z) are hermitian. It is given by
The space H g,n affords a unitary representation of the mapping class group Γ g,n . We shall illustrate the above point for the groups Γ 0,n and Γ g,0 .
Γ 0,n is generated by the Dehn-twists τ i (i = 1, . . . , n) around a curve encircling the i-th puncture and the Dehn-twists σ i (i = 1, . . . , n−1) around a curve encircling the i-th and i + 1-th punctures. The action of these operators on H 0,n is given by the following formulas
They satisfy the relations
which are the defining relations of the group Γ 0,n [5] .
Moreover, the τ i -s commute with the A j -s, as well as the σ i -s if j = i, i + 1,
Consequently, σ i maps the space H g (. . . , p i , p i+1 , . . .) onto H g (. . . , p i+1 , p i , . . .), and this shows clearly its braiding nature. We also have
where λ p is the eigenvalue of the modular T operator corresponding to the irreducible
Let's now consider the group Γ g,0 . It is generated by the Dehn-twists α j , β j around the curves of a canonical homology basis a j , b j (j = 1, . . . , g) and the
Dehn-twits γ j around the curves c j (j = 1, . . . , g − 1) connecting two consecutive handles. The action of these operators on H g,0 is given by
and the prefactor is
It may be shown by rather lengthy calculations, that the above operators satisfy the defining relations of the group Γ g,0 ( cf. [5] ).
Until now we have only considered operators mapping H g,n to itself. We now turn to the study of operators between different spaces.
The first operators of interest are the projections P i defined by (2.8), which correspond to saturating the i-th puncture by the vacuum. The image of H g,n under this projection may be naturally identified with the space H g,n−1 . This provides us with a natural imbedding of H g,m into H g,n for m < n.
For Ψ 1 ∈ H g,n+1 and Ψ 2 ∈ H k,m+1 we define Ψ 1 ∞Ψ 2 ∈ H g+k,n+m as
This operation, which may be shown to be associative, corresponds to sewing two Riemann surfaces. Endowed with this operation, the space
becomes a bigraded associative algebra.
Clearly the subspace H 0,2 is a closed subalgebra of H ( it is the zero grade subalgebra ). This subalgebra is isomorphic to A(G, φ). This may be shown by introducing the following basis in H 0,2
It is then straightforward to show that
For Ψ in H we have
This shows that the action of A 1 on H may be realized by sewing with elements of Of special interest is the infinite dimensional subalgebrâ
which may be viewed as the extension of the original algebra A(G, φ) to all genera.
Another operation of interest is the map S : H g,n+2 → H g+1,n defined by
This operation corresponds to sewing the n-th and n + 1-th punctures of the same Riemann surface, and it maps H g,n onto H g+1,n−2 . 
Next, for i = 1, . . . , n consider the maps ∂ i : H g,n+1 → H g,n given by
They correspond to coalescing the i-th and i + 1-th punctures, and satisfy the relations
The above relations imply that the operator D n defined as
is a differential operator in the sense that 
Physical interpretation
where one should integrate over those X-s which are single-valued on Σ. Besides the insertion points P i ∈ Σ, the correlator (5.1) depends also on the moduli of the Riemann surface Σ.
To get an orbifold model [8] , we choose a group G of global symmetries , i.e.
transformations of the X-s that leave the action invariant. For simplicity, we shall assume that G is finite. The orbifold model is defined by imposing equivalence modulo G, i.e. gauging the group G. The correlators of the orbifold model are still
given by the functional integral (5.1), but with integration to be performed over X-s which are allowed to have G valued monodromies around the homotopicaly nontrivial curves of the punctured surface Σ\{P 1 , . . . , P n } ≡ Σ g,n .
The multivaluedness of X is completely characterized by its monodromies around the simple closed curves on Σ g,n . It is enough to specify the monodromies around a set of generators of the fundamental group of Σ g,n . A convenient set of generators of the fundamental group is obtained by fixing a base point P 0 on Σ\{P 1 , . . . , P n }, and considering the simple loops based at P 0 which encircle one puncture P i at a time, as well as the curves of a canonical homology basis of the compact Riemann surface Σ. We shall denote the monodromies around these loops by x 1 , . . . , x n and a 1 , . . . , a g , b 1 , . . . , b g respectively, and call their collection a twist structure. They have to satisfy
in order that there exists an X with these given monodromies.
The functional integral for the orbifold model decomposes into a sum
where x, y and a, b are respectively n and g-tuples of elements of G, while
where integration is restricted to those X-s with monodromies specified by x, a and b. The sum over y i -s in (5.3) implements the G-invariant projection and it is the analogue of the GSO projection in fermionic string theory, while the sum over the twist structures is the analogue of the sum over spin structures.
The basic properties of Z If we specify the irreps p 1 , . . . , p n of the chiral algebra to which the operators O 1 , . . . , O n belong, then Ψ may be considered as an intertwiner between the irrep (p 1 , . . . , p n ) of A ⊗n and the space H g,n , which depends holomorphicaly on the moduli. An argument involving Schur's lemma shows that Ψ will depend on dim V g (p 1 , . . . , p n ) holomorphic functions of the moduli, and consequently the correlator (5.3) will be the sum of the modulus squared of these functions, which of course are nothing but the holomorphic blocks of the orbifold model.
If we consider Ψ as a function over Teichmuller space T g,n , then it should be equivariant with respect to Γ g,n , i.e. the action of any mapping class group transformation on T g,n can be compensated by the action of its inverse on H g,n .
The physical meaning of the operations introduced in the previous sections is quite transparent in this setting. For example the operations ∞ and S are related to the sewing of correlators, while the operations ∂ i are related to operator product expansions. The associativity of ∞ is connected to the duality of the theory, while (4.11) is connected to the associativity of OPEs.
In this paper we have studied the properties of orbifold models on higher genus Riemann surfaces. We have done this by associating to the Riemann surface Σ g,n the space H g,n , which carries a specific representation of the n-fold tensor power A ⊗n of the orbifold quantum group. We have shown that the mapping class group Γ g,n is represented on the space H g,n , as well as other important geometrical operations.
It turned out that the algebraic structure of the quantum group is closely related to the operation of sewing Riemann surfaces, and this led us to generalize the quantum group to higher genera.
We have sketched only those aspects of the theory which have a direct physical interpretation. The spaces H g,n admit more structure than described in the paper, which may prove useful in mathematical applications.
One such aplication is related to Moonshine [9, 10] . Starting from a holomorphic CFT whose symmetry group contains the group G -which is known to exist for the Monster [11] -, one may in principle compute the functions Ψ ∈ H g,n for suitable vertex operators, and these would satisfy a set of relations which may be naturally interpreted as an extension of the Moonshine properties to arbitrary Riemann surfaces. From this point of view the two basic facets of Moonshine are the existence of a holomorphic CFT on which G acts as a symmetry group and the theory developped in section 3.
Another interesting application of the above theory is to the description of the statistics of many-vortex systems in spontaneously broken gauge theories, which will be dealt with in a forthcoming publication [12] .
x ∈ G ), subject to the relations P (x)P (y) = P (x) if x = y, 0 otherwise (A.9) Q −1 (x)P (y)Q(x) = P (y x ) (A.10)
Q(x)Q(y) = Finally, we note that the theory only depends on the cohomology class of the 3-cocycle φ, i.e. cohomologous cocycles give rise to isomorphic algebras whose representation theory is identical. This "gauge invariance" carries over to the theory developped in the main body of the paper, e.g. to the mapping class group representations associated to the pair (G, φ).
